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Motivations

Computational models for fragments of computability

A computability framework for subrecursion

A hierarchy of computabilities, from primitive recursion to admissible recursion,

and above
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Church, Kleene, Rosser, Turing

1. classical computability
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Computable functionsComputable functions

..Basic operations ..Basic operations .

..Operations can be composed..Operations can be composed.

..Complex operations..Complex operations.

..Computation tree ..Computation tree .
..

0 : x 7→ 0
s : x 7→ x+ 1

cond : x, y, a, b 7→ {
a if x = y
b otherwise

..

0 : x 7→ 0
s : x 7→ x+ 1

cond : x, y, a, b 7→ {
a if x = y
b otherwise

.

..s ◦ 0 = x 7→ 1 ..s ◦ 0 = x 7→ 1 .

..µ: minimisation

recp: primitive recursion
..µ: minimisation

recp: primitive recursion

.

..Not necessarily finite..Not necessarily finite.

..

..
(x 7→ cond(s(x), 3, 9, 7)) (3)

.

cond(s(3), 3, 9, 7)

.

cond(4, 3, 9, 7)

.

7

The more complex the machine, the more complex the tree.
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Notations

• Enumeration of all the recursive functions, indexed by the natural integers:

(φe)e∈ω

• Convergence of a function:

φ26(13) ↓= 7

• Divergence of a function:

φ34(4) ↑
• Equivalence of functions:

φe1(x1)
∼= φe2(x2)

if both computations diverge or converge to the same value.

1. classical computability 3/20



.

.

Universality and total functions

• Recursive universal function

∃u, φu : (⟨e, x⟩) 7→ φe(x)

• Functions cannot all be total

f : x 7→ s ◦φu (⟨x, x⟩)

∃e, f = φe

f(e) ∼= s(φu(⟨e, e⟩))
∼= φe(e) + 1
∼= f(e) + 1

1. classical computability 4/20



.

..

Canonical form and interpretationCanonical form and interpretation

..

There exist an elementary function F and a recursive prim-

itive predicate T such that:

∀e, x, φu (⟨e, x⟩) ∼= φe(x) ∼= F( ..µy...T(..e, ..x, ..y))
.

K
le
en
e’
s
N
or
m
al
Fo

rm

..

There exist an elementary function F and a recursive prim-

itive predicate T such that:

∀e, x, φu (⟨e, x⟩) ∼= φe(x) ∼= F( ..µy...T(..e, ..x, ..y))
.

..

Computation tree

Finite?

Bounded?

.

H
al
t ..

Computation tree

Finite?

Bounded?

.
..

..Only µ operator

..Function index

..Computation tree

..Input

..Checker

..

..Only µ operator

..Function index

..Computation tree

..Input

..Checker

.

.
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smn and Fixed Point

• smn :

There exists a recursive function smn such that ∀m, n, e,

φe(⟨x1, . . . , xn, y1, . . . , ym⟩) ∼= φsmn (e,x1,...,xn)
(⟨y1, . . . , ym⟩)

• Fixed point:

For each total recursive function f we can recursively compute an n such

that:

∀x, φn(x) ∼= φf(n)

..

Let f be a function such that φf(n) : x 7→ φn(x) + 1. Then there is

an n verifying:

∀x, φn(x) ∼= φf(n)(x) ∼= φn(x) + 1

which is an index for the nowhere defined function.

.

E
xa
m
p
le

..

..
..

i

.

φc
·

.........

K(i)

.

i

.

smn (i, x⃗)

.

K(i)

.

φi(K(i))

.
0
..

p

.

p

.

smn

.

K

.

φi

.
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An interesting trade-off

2. from total functions to partial computabilities
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Classes of total functions

For a class c of total recursive functions, closed under composition:

• Universal function not in c

• No unbounded search

• Limited function growth (e.g. Ackermann function not in p)

• Implies limited power

How to deal with these limitations?

2. from total functions to partial computabilities 8/20
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Primitive recursive coding schemaPrimitive recursive coding schema

For a class c with an enumeration φ
c
· :

..

Toolbox for indices:

Compute new indices for a function

Compute index of composition

.

In
d
ic
es ..

Toolbox for indices:

Compute new indices for a function

Compute index of composition

.

..

Toolbox for simulation:

Check the validity of a tree

Bound the tree of a given function

.

S
im
ul
at
io
n

..

Toolbox for simulation:

Check the validity of a tree

Bound the tree of a given function

.

..

Requirements:

padding function: p
∀e, (p(e) > e)∧ (φ

c
p(e)

= φ
c
e)

composition function: c

∀e1, e2, φcc(e1,e2) = φ
c
e1 ◦ φ

c
e2

step-by-step simulation: simc

∀x, e, ∃n, φce(x) = simc(e, x, n)

cost function: usec
∀x, e, φce(x) = simc(e, x, φ

c
usec(e)

(x))

.

D
ef:
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Fundamental classes

..

Basis functions

Contains all the primitive recursive functions

Coding functions

Primitive recursive coding schema: recp
Pairing functions: ⟨·, ·⟩ ,π2

1,π
2
2 ∈ c,

Projection functions: ∀n1, n2,π2
i (⟨n1, n2⟩) = ni

Closure
Stable by composition: ∀f, g ∈ c, f ◦ g ∈ c.

Stable by primitive recursion: ∀g, h ∈ c, recp(g, h) ∈ c

Enumeration

Tied to an enumeration φ
c
· (recursive) which is not in the class

.

D
ef
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Contains all the primitive recursive functions

Coding functions
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Classes defined using recursion schemataClasses defined using recursion schemata

..
Primitive recursive class: p

Smallest fundamental class (stable by

primitive recursion: recp)
.

D
ef
in
iti
on

..
Primitive recursive class: p

Smallest fundamental class (stable by

primitive recursion: recp)

.

..
α-recursive classes: cα
Smallest fundamental class stable by

α recursion: recα
.

D
ef
in
iti
on

..
α-recursive classes: cα
Smallest fundamental class stable by

α recursion: recα

.

..

For g, h ∈ p,

f : n, x⃗ 7→ recp(g, h, n, x⃗) ∈ p,

with recp(g, h, n, x⃗) such that:

f(n, x⃗) =

{
h(⃗x) if n = 0,

g(n, x⃗, f(n− 1, x⃗)) otherwise.

.

P
rim

iti
ve

re
cu
rs
io
n

..

..

...0 .

1

.

2

.

3

.

4

.f(0) = h(⃗x).

f(1) = g(1, x⃗, f(1− 1))

...

f(2) = g(2, x⃗, f(2− 1))

...

f(3) = g(3, x⃗, f(3− 1))

...

f(4) = g(4, x⃗, f(4− 1))

..

.

P
rim

iti
ve

re
cu
rs
io
n

..

..

For g, h ∈ cα,

f : n, x⃗ 7→ recα,◁(g, h, n, x⃗) ∈ cα

with recα,◁(g, h, n, x⃗) such that:

f(n, x⃗) =

{
g(n, x⃗, f(θ(n, x⃗), x⃗)) if 0 ◁ n and θ(n, x⃗) ◁ n,

h(n, x⃗) otherwise,

where β stands for the ordinal notation (in ◁) for β.

.

α
-r
ec
ur
si
on ..

..
..

0

1

2

3

ω

ω
+
1

ω
+
2

ω+
3

ω·2

ω·3

ω
·2
+
1

ω
·2
+
2

ω
·4

ω²

ω
²+

1
ω
²+
2

ω²+ω

ω²+ω·2

ω²·2

ω²·3

ω
²·4

ω³

ω
³+
ω

ω³+ω²

ω
·5

4

5

ω+
4

ωω
ω⁴

ω³·2

ω
·2
+
3

.

α
-r
ec
ur
si
on ..

..

Rathjen: Functions provably total by a theory of ordinal analysis α

are exactly α-recursive functions.
..
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an n verifying:
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which is an index of the nowhere defined function.

Such a function cannot be total.

.

K
le
en
e
an
d
to
ta
lf
un

ct
io
ns

..

....

φ
c
·

.

i

.......

i

.
0
.

p

.

p

.

smn

.

S
um

m
ar
y ..

2. from total functions to partial computabilities 11/20



.

.

How far did we get?

..smn for fundamental classes

Note: Primitive recursion is needed in order to obtain an homogeneous s.
.

Th
m ..smn for fundamental classes

Note: Primitive recursion is needed in order to obtain an homogeneous s.

.
..Still no recursion theorem

It is actually impossible.
.

Th
m ..Still no recursion theorem

It is actually impossible.

.

..

Recall our previous example:

Let f be a function such that φf(n) : x 7→ φn(x) + 1. Then there is

an n verifying:

∀x, φn(x) ∼= φf(n)(x) ∼= φn(x) + 1

which is an index of the nowhere defined function.

Such a function cannot be total.

.

K
le
en
e
an
d
to
ta
lf
un

ct
io
ns

..

....

φ
c
·

.

i

.......

i

.
0
.

p

.

p

.

smn

.

S
um

m
ar
y ..

2. from total functions to partial computabilities 11/20



.

.

How far did we get?

..smn for fundamental classes

Note: Primitive recursion is needed in order to obtain an homogeneous s.
.

Th
m ..smn for fundamental classes

Note: Primitive recursion is needed in order to obtain an homogeneous s.

.
..Still no recursion theorem

It is actually impossible.
.

Th
m ..Still no recursion theorem

It is actually impossible.

.
..

Recall our previous example:

Let f be a function such that φf(n) : x 7→ φn(x) + 1. Then there is

an n verifying:

∀x, φn(x) ∼= φf(n)(x) ∼= φn(x) + 1

which is an index of the nowhere defined function.

Such a function cannot be total.

.

K
le
en
e
an
d
to
ta
lf
un

ct
io
ns

..

....

φ
c
·

.

i

.......

i

.
0
.

p

.

p

.

smn

.

S
um

m
ar
y ..

2. from total functions to partial computabilities 11/20



.

.

How far did we get?

..smn for fundamental classes

Note: Primitive recursion is needed in order to obtain an homogeneous s.
.

Th
m ..smn for fundamental classes

Note: Primitive recursion is needed in order to obtain an homogeneous s.

.
..Still no recursion theorem

It is actually impossible.
.

Th
m ..Still no recursion theorem

It is actually impossible.

.

..

Recall our previous example:

Let f be a function such that φf(n) : x 7→ φn(x) + 1. Then there is

an n verifying:

∀x, φn(x) ∼= φf(n)(x) ∼= φn(x) + 1

which is an index of the nowhere defined function.

Such a function cannot be total.

.

K
le
en
e
an
d
to
ta
lf
un

ct
io
ns

..

....

φ
c
·

.

i

.......

i

.
0
.

p

.

p

.

smn

.

S
um

m
ar
y ..

2. from total functions to partial computabilities 11/20



.

.

Rogers’ Isomorphism Theorem

Ensures that our results do not depend on our choice of an enumeration

Go from an acceptable enumeration to another

..
Myhill’s isomorphism for fundamental classes
For A and B two sets of integers, f 1-1 from A to B and g 1-1 from B to A,

we can build h an isomorphism between A and B.

.

Th
m ..

Myhill’s isomorphism for fundamental classes
For A and B two sets of integers, f 1-1 from A to B and g 1-1 from B to A,

we can build h an isomorphism between A and B.

.

..Rogers’ isomorphism for fundamental classes
Any acceptable enumeration is isomorphic to the canonical one.

.

Th
m ..Rogers’ isomorphism for fundamental classes

Any acceptable enumeration is isomorphic to the canonical one.

.

2. from total functions to partial computabilities 12/20



.

.

Rogers’ Isomorphism Theorem

Ensures that our results do not depend on our choice of an enumeration

Go from an acceptable enumeration to another

..
Myhill’s isomorphism for fundamental classes
For A and B two sets of integers, f 1-1 from A to B and g 1-1 from B to A,

we can build h an isomorphism between A and B.

.

Th
m ..

Myhill’s isomorphism for fundamental classes
For A and B two sets of integers, f 1-1 from A to B and g 1-1 from B to A,

we can build h an isomorphism between A and B.

.

..Rogers’ isomorphism for fundamental classes
Any acceptable enumeration is isomorphic to the canonical one.

.

Th
m ..Rogers’ isomorphism for fundamental classes

Any acceptable enumeration is isomorphic to the canonical one.

.

2. from total functions to partial computabilities 12/20



.

.

Rogers’ Isomorphism Theorem

Ensures that our results do not depend on our choice of an enumeration

Go from an acceptable enumeration to another

..
Myhill’s isomorphism for fundamental classes

For A and B two sets of integers, f 1-1 from A to B and g 1-1 from B to A,

we can build h an isomorphism between A and B.

.

Th
m ..

Myhill’s isomorphism for fundamental classes

For A and B two sets of integers, f 1-1 from A to B and g 1-1 from B to A,

we can build h an isomorphism between A and B.

.

..Rogers’ isomorphism for fundamental classes
Any acceptable enumeration is isomorphic to the canonical one.

.

Th
m ..Rogers’ isomorphism for fundamental classes

Any acceptable enumeration is isomorphic to the canonical one.

.

2. from total functions to partial computabilities 12/20



.

.

Rogers’ Isomorphism Theorem

Ensures that our results do not depend on our choice of an enumeration

Go from an acceptable enumeration to another

..
Myhill’s isomorphism for fundamental classes

For A and B two sets of integers, f 1-1 from A to B and g 1-1 from B to A,

we can build h an isomorphism between A and B.

.

Th
m ..

Myhill’s isomorphism for fundamental classes

For A and B two sets of integers, f 1-1 from A to B and g 1-1 from B to A,

we can build h an isomorphism between A and B.

.
..Rogers’ isomorphism for fundamental classes

Any acceptable enumeration is isomorphic to the canonical one.
.

Th
m ..Rogers’ isomorphism for fundamental classes

Any acceptable enumeration is isomorphic to the canonical one.

.

2. from total functions to partial computabilities 12/20



.

..
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..

Busy Beaver properties

Grows faster than any c-fundamental
function

Enables us to bound the size of their tree

Universal simulation with simc and usec:

x 7→ simc(e, x, bbφc(s
1
1(e, x)))
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..Primitive recursive case..Primitive recursive case.

..Definition:

A : m, n 7→


n+ 1 if m = 0

A(m− 1, 1) if m > 0 and n = 0

A(m− 1, A(m, n− 1)) otherwise

Unary version:

Ack : n 7→ A(n, n)
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Ackermann function properties

Grows faster than any primitive recursive
function

Enables us to bound the size of their tree

Universal simulation with simp and usep:
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for some primitive recursive f
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Definition:

For an enumerable class c with simc and usec functions:
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}
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..Its characteristic function χE is recur-
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..E and E are enumerable..E and E are enumerable.

..E can be enumerated increasingly..E can be enumerated increasingly.

..
χ-c-recursivity

c-fundamental characteristic function
.

D
ef..

χ-c-recursivity

c-fundamental characteristic function

.

..
weak-c-recursivity

c-enumerable and co-c-enumerable
.

D
ef..

weak-c-recursivity

c-enumerable and co-c-enumerable

.

..
strong-c-enumerability

c-enumerable increasingly
.

D
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strong-c-enumerability

c-enumerable increasingly

.

..

strong-c-recursivity

Strongly c-enumerable and co-

strongly c-enumerable

.

D
ef..

strong-c-recursivity

Strongly c-enumerable and co-

strongly c-enumerable
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..These notions are all different, and all

compatible with the classical one
.

Thm..These notions are all different, and all

compatible with the classical one

.
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Noticeable sets and recursive properties

..Diagonal set
Kφ
c = {e : φ

c
e(e) > 0}

.

D
ef ..Diagonal set

Kφ
c = {e : φ

c
e(e) > 0}

.

..Unary Ackermann range
A = range(Ack)

.

D
ef ..Unary Ackermann range

A = range(Ack)

.

..
Busy Beaver range

Bp = range(bbφp)
Bc = range(bbφc)

.

D
ef ..

Busy Beaver range

Bp = range(bbφp)
Bc = range(bbφc)

.

..

r.e. co-r.e. p-e s-p-e co-p-e co-s-p-e w-p-rec s-p-rec χ-p-rec

K ✓ × ✓ × × × × × ×
Kφ
p ✓ ✓ ✓ × ✓ × ✓ × ×
A ✓ ✓ × × ✓ ✓ × × ✓
Bp ✓ ✓ × × ✓ ✓ × × ✓

r.e. co-r.e. c-e s-c-e co-c-e co-s-c-e w-c-rec s-c-rec χ-c-rec
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Computability, with holes

4. subcomputabilities
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..

c-partial functionsc-partial functions

..
Unusual closure

Not stable by composition

No smn theorem

.

Th
m ..

Unusual closure

Not stable by composition

No smn theorem

.

..Non-trivial c-creativity/productivity

notion
.

Th
m ..Non-trivial c-creativity/productivity

notion

.

..

Partial Kleene’s second recursion

theorem for a fundamental class c

For f ∈ c and h c-partial of domain A

co-enumerable,

∃n s.t. (φc
n) ↾A ∼=

(
φc

f(n)

)
↾A and

(φc
n) ↾A ∼= h

.

Th
m ..

Partial Kleene’s second recursion

theorem for a fundamental class c

For f ∈ c and h c-partial of domain A

co-enumerable,

∃n s.t. (φc
n) ↾A ∼=

(
φc

f(n)

)
↾A and

(φc
n) ↾A ∼= h

.

..A partial function is a function whose

graph is enumerable.
..A partial function is a function whose

graph is enumerable.

.

..A graph of a function is a well-formed

set of integers.
..A graph of a function is a well-formed

set of integers.

.

..
∀e,Ge is the graph induced by W

c
e

Enumeration: (φc
e)e∈ω

.

D
ef..

∀e,Ge is the graph induced by W
c
e

Enumeration: (φc
e)e∈ω

.

..Fundamental functions are c-partials.

Thm..Fundamental functions are c-partials.

..Growth speed is dominated by funda-

mental functions
.

Thm..Growth speed is dominated by funda-

mental functions

.

..

No composition

c contains

f : n 7→ {
bbφc(p) if n = 2p

p if n = 2p+ 1

and g : n 7→ 2n, but not f ◦ g = bbφc.

No smn theorem

c contains f : ⟨e, x⟩ 7→ φe(x) but not all the recursive functions.

.
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Thank you for your attention.
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