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φe(⟨x1, . . . , xn, y1, . . . , ym⟩) ∼= φsmn (e,x1,...,xn)
(⟨y1, . . . , ym⟩)

.sm n ..
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∀x, φn(x) ∼= φf(n)
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Let f be a function such that φf(n) : x 7→ φn(x) + 1. Then there is

an n verifying:

∀x, φn(x) ∼= φf(n)(x) ∼= φn(x) + 1

which is an index for the nowhere defined function.
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Can we get better results?
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padding function: p
∀e, (p(e) > e)∧ (φ
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p(e)

= φ
c
e)

composition function: c

∀e1, e2, φcc(e1,e2) = φ
c
e1 ◦ φ

c
e2

step-by-step simulation: simc

∀x, e, ∃n, φce(x) = simc(e, x, n)

cost function: usec
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usec(e)

(x))
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How far did we get?

..smn for fundamental classes

Note: Primitive recursion is needed in order to obtain an homogeneous s.
.
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Recall our previous example:

Let f be a function such that φf(n) : x 7→ φn(x) + 1. Then there is

an n verifying:

∀x, φn(x) ∼= φf(n)(x) ∼= φn(x) + 1

which is an index of the nowhere defined function.

Such a function cannot be total.
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Simulation, halt and domination

..General case for fundamental classes..General case for fundamental classes.

..

Busy Beaver properties

Grows faster than any c-fundamental
function

Enables us to bound the size of their flow

Universal simulation with simc and usec:

x 7→ simc(e, x, bbφc(s
1
1(e, x)))
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.

..Primitive recursive case..Primitive recursive case.

..Definition:

A : m, n 7→


n+ 1 if m = 0

A(m− 1, 1) if m > 0 and n = 0

A(m− 1, A(m, n− 1)) otherwise

Unary version:

Ack : n 7→ A(n, n)

.
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Ackermann function properties

Grows faster than any primitive recursive
function

Enables us to bound the size of their flow

Universal simulation with simp and usep:

x 7→ simp(e, x, Ack(f(usep(e), x)))

for some primitive recursive f
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function

Enables us to bound the size of their flow

Universal simulation with simp and usep:

x 7→ simp(e, x, Ack(f(usep(e), x)))

for some primitive recursive f
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..

Definition:

For an enumerable class c with simc and usec functions:

bbφc = x 7→ max
{
φ
c
usec(i)

(0) : i ⩽ x
}
+ x

Increasing version
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A recursive jump for fundamental classes

..bbφc allows us to totally compute any function in c.

Similar to the classical halting problem.
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Still a fundamental class
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.

..
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function.
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....
Classical definition not interesting

Enumerable sets are c-enumerable.
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e

..
Classical definition not interesting

Enumerable sets are c-enumerable.

.

..

A set is c-enumerable if:

it is finite

or it is the range of a 1-1 f ∈ c.

Enumeration: (Wc
e)e∈ω

.
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ol
ut
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n

..

A set is c-enumerable if:

it is finite

or it is the range of a 1-1 f ∈ c.

Enumeration: (Wc
e)e∈ω
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Classical characterisations
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Range of a total function

Range of a 1-1 function

(partial for finite sets)
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(partial for finite sets)
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..Produce a new element on each iter-

ation
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How do we know if a function is 1-1?

We do not.

Check 1-1-ness for each new value

If not, the 1-1 prefix defines a finite set

.

Ti
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..

c-recursivities

..Extend the notion of c-enumerability

to a notion of c-recursivity.
.

A
im ..Extend the notion of c-enumerability

to a notion of c-recursivity.
.

..Classical characterisations

A set E is recursive if:
..Classical characterisations

A set E is recursive if:

.

..Its characteristic function χE is recur-

sive
..Its characteristic function χE is recur-

sive

.

..E and E are enumerable..E and E are enumerable.

..E can be enumerated increasingly..E can be enumerated increasingly.

..
χ-c-recursivity

c-fundamental characteristic function
.

D
ef..

χ-c-recursivity

c-fundamental characteristic function

.

..
weak-c-recursivity

c-enumerable and co-c-enumerable
.

D
ef..

weak-c-recursivity

c-enumerable and co-c-enumerable

.

..
strong-c-enumerability

c-enumerable increasingly
.

D
ef..

strong-c-enumerability

c-enumerable increasingly

.

..

strong-c-recursivity

Strongly c-enumerable and co-

strongly c-enumerable

.

D
ef..

strong-c-recursivity

Strongly c-enumerable and co-

strongly c-enumerable

.

..These notions are all different, and all

compatible with the classical one
.

Thm..These notions are all different, and all

compatible with the classical one

.
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..

Noticeable sets and recursive properties

..Diagonal set
Kφ
c = {e : φ

c
e(e) > 0}

.

D
ef ..Diagonal set

Kφ
c = {e : φ

c
e(e) > 0}

.

..Unary Ackermann range
A = range(Ack)

.

D
ef ..Unary Ackermann range

A = range(Ack)

.

..
Busy Beaver range

Bp = range(bbφp)
Bc = range(bbφc)

.

D
ef ..

Busy Beaver range

Bp = range(bbφp)
Bc = range(bbφc)

.

..

r.e. co-r.e. p-e s-p-e co-p-e co-s-p-e w-p-rec s-p-rec χ-p-rec

K ✓ × ✓ × × × × × ×
Kφ
p ✓ ✓ ✓ × ✓ × ✓ × ×
A ✓ ✓ × × ✓ ✓ × × ✓
Bp ✓ ✓ × × ✓ ✓ × × ✓

r.e. co-r.e. c-e s-c-e co-c-e co-s-c-e w-c-rec s-c-rec χ-c-rec

K ✓ × ✓ × × × × × ×
Kφ
c ✓ ✓ ✓ × ✓ × ✓ × ×

Bc ✓ ✓ × × ✓ ✓ × × ✓

.

Th
m ..

r.e. co-r.e. p-e s-p-e co-p-e co-s-p-e w-p-rec s-p-rec χ-p-rec

K ✓ × ✓ × × × × × ×
Kφ
p ✓ ✓ ✓ × ✓ × ✓ × ×
A ✓ ✓ × × ✓ ✓ × × ✓
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r.e. co-r.e. c-e s-c-e co-c-e co-s-c-e w-c-rec s-c-rec χ-c-rec

K ✓ × ✓ × × × × × ×
Kφ
c ✓ ✓ ✓ × ✓ × ✓ × ×

Bc ✓ ✓ × × ✓ ✓ × × ✓

.
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K ⩽m Kc via a c-fundamental reduction

For a and z such thatφc
a andφ

c
z are resp. never or always null, and

fx ∈ c such that ∀e:

φc
fx(e)

: y 7→ {
φx(x) if y = a or y = e

0 otherwise.

Let A be the strongly-c-enumerable set {p2n(z) : n > 0}, and h a

function null on A and undefined on A.

By our partial Kleene, we have:

φc
n : y 7→ {

0 if y ∈ A

φc
fx(n)

(y) otherwise.

By case analysis we can verify that n ∈ Kc ↔ x ∈ K, with n being

c-fundamentally computable from x. .
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Thank you for your attention.
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